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HARMONIC CONJUGATES ON BERGMAN SPACES INDUCED BY
DOUBLING WEIGHTS
JOSE´ A´NGEL PELA´EZ AND JOUNI RA¨TTYA¨
Abstract. A radial weight ω belongs to the class pD if there exists C “ Cpωq ě 1 such
that
ş
1
r
ωpsq ds ď C
ş
1
1`r
2
ωpsq ds for all 0 ď r ă 1. Write ω P qD if there exist constants
K “ Kpωq ą 1 and C “ Cpωq ą 1 such that pωprq ě Cpω `1´ 1´r
K
˘
for all 0 ď r ă 1. These
classes of radial weights arise naturally in the operator theory of Bergman spaces induced by
radial weights [11].
Classical results by Hardy and Littlewood [4], and Shields and Williams [12] show that
the weighted Bergman space of harmonic functions is not closed by harmonic conjugation if
ω P pDz qD and 0 ă p ď 1. In this paper we establish sharp estimates for the norm of the
analytic Bergman space Apω, with ω P pDz qD and 0 ă p ă 8, in terms of quantities depending
on the real part of the function. It is also shown that these quantities result equivalent norms
for certain classes of radial weights.
1. Introduction and main results
Let HpDq and hpDq denote the spaces of analytic and harmonic functions in the unit disc
D “ tz P C : |z| ă 1u, respectively. For 0 ă p ď 8, the Hardy space Hp consists of f P HpDq
for which
}f}Hp “ sup
0ără1
Mppr, fq ă 8
where
Mppr, fq “
ˆ
1
2π
ż 2pi
0
|fpreiθq|p dθ
˙ 1
p
, 0 ă p ă 8,
and
M8pr, fq “ max
0ďθď2pi
|fpreiθq|.
The Hardy space hp of harmonic functions is defined in an analogously manner. For a non-
negative function ω P L1pr0, 1qq, the extension to D, defined by ωpzq “ ωp|z|q for all z P D,
is called a radial weight. For 0 ă p ă 8 and such an ω, the Lebesgue space Lpω consists of
complex-valued measurable functions f on D such that
}f}p
L
p
ω
“
ż
D
|fpzq|pωpzq dApzq ă 8,
where dApzq “ dx dy
pi
is the normalized area measure on D. The corresponding weighted
Bergman spaces are Apω “ LpωXHpDq and apω “ LpωXhpDq. Throughout this paper we assumepωpzq “ ş1|z| ωpsq ds ą 0 for all z P D, for otherwise Apω “ HpDq and apω “ hpDq.
A radial weight ω belongs to the class pD if the tail integral pω satisfies the doubling propertypωprq ď Cpωp1`r
2
q for some constant C “ Cpωq ě 1 and for all 0 ď r ă 1. Write ω P qD if
there exist constants K “ Kpωq ą 1 and C “ Cpωq ą 1 such that pωprq ě Cpω `1´ 1´r
K
˘
for all
0 ď r ă 1, and set D “ pDX qD. These classes of radial weights arise naturally in the operator
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theory of weighted Bergman spaces [11]. For instance, the class D describes the radial weights
such that the Littlewood-Paley formula
}f}p
A
p
ω
— |fp0q|p `
ż
D
|f 1pzq|pp1´ |z|qpωpzq dApzq, f P HpDq, (1.1)
holds [11, Theorem 5], and there exists a constant C “ Cpω, pq ą 0 such that
|fp0q|p `
ż
D
|f 1pzq|pp1´ |z|qpωpzq dApzq ď C}f}p
A
p
ω
, f P HpDq, (1.2)
if and only if ω P pD [11, Theorem 6]. These results, together with [11, Theorems 1 and
3] related to bounded Bergman projections on L8, show that weights in pDz qD induce in a
sense essentially smaller Bergman spaces than the standard radial weights p1 ´ |z|2qα with
´1 ă α ă 8.
A classical problem on a space X of harmonic functions in D consists of studying which
properties do a function u P X and its harmonic conjugate share. In particular, it is of
interest to determine whether or not X is closed by conjugation. One of the most celebrated
and useful results on this direction is the M. Riesz theorem which states that there exists a
constant C “ Cppq ą 0 such that
}f}Hp ď C p|fp0q| ` }Re f}hpq , f P HpDq, (1.3)
whenever 1 ă p ă 8 [2, 3]. Despite the fact that this property does not carry over to the range
0 ă p ď 1, Burkholder, Gundy and Silverstein [1], see also [3], showed that the equivalence
}f}Hp — }pRe fq‹}LppTq, f P HpDq, (1.4)
is valid for each 0 ă p ă 8. Here, and throughout the paper, u‹peiθq “ supzPΓpeiθq |upzq| and
Γpuq “
"
z P D : |θ ´ arg z| ă 1
2
ˆ
1´ |z|
r
˙*
, u “ reiθ P Dzt0u. (1.5)
As for the Bergman spaces induced by radial weights, by defining
Npuqpζq “ sup
zPΓpζq
|upzq|, ζ P Dzt0u,
and applying (1.4) to the dilatation urpzq “ uprzq with 0 ď r ă 1 as in the proof of [9,
Lemma 4.4], one obtains the following result.
Proposition 1. Let 0 ă p ă 8 and let ω be a radial weight. Then there exists a constant
C “ Cppq ą 0 such that
}f}Apω ď }NpRe fq}Lpω ď C}f}Apω , f P HpDq. (1.6)
For 1 ă p ă 8 and a radial weight ω, the inequality
}f}Apω ď C
`|fp0q| ` }Re f}apω˘ , f P HpDq, (1.7)
with C “ Cppq ą 0 follows from (1.3). For 0 ă p ď 1 we have (1.7) for some constant
C “ Cpω, pq ą 0 if, roughly speaking, ω is sufficiently smooth and Apω is large enough [7, The-
orems 5.1 and 7.1]. However, if Apω is sufficiently small, then (1.7) is no longer true in general
for 0 ă p ď 1. In fact, Hardy and Littlewood [4], see also [2, p. 68], proved that if 0 ă p ď 1
then each f P HpDq such that Re f P hp satisfies Mppr, fq “ O
´
log e
1´r
¯ 1
p
. This implication is
sharp in the sense that for p “ 1
k
with k P N the function fpzq “ exp
´
ipk´1qpi
2
¯
p1´zq´k satisfies
Re f P hp andMppr, fq —
´
log e
1´r
¯ 1
p
for all 0 ă r ă 1. Consequently, if ş1
0
ωpsq log e
1´s ds “ 8,
the inequality (1.7) fails for 0 ă p ď 1. Observe that, by Fubini’s theorem, ş1
0
ωpsq log e
1´s ds
converges if and only if the positive function rω, defined by rωprq “ pωprq
1´r for all 0 ď r ă 1, is
a radial weight. Unfortunately, rω being a weight does not guarantee (1.7) for 0 ă p ď 1 if
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ω P pDz qD. This can be deduced by applying a result of Shields and Williams [12, Theorem 1’],
see the beginning of Section 2 for details.
The main objective of this paper is to search for sharp inequalities of the same type as
(1.7) but where }Re f}apωon the right has been replaced by only a slightly larger quantity. Of
course, the primary interest lies in the case in which 0 ă p ď 1 and ω induces a relatively small
Bergman space, although all the obtained inequalities are valid on the full range 0 ă p ă 8.
The motivation for the first result comes from Proposition 1. In view of (1.6) and the obvious
inequality
sup
0ăsăr
Mpps,Re fq ďMppr,NpRe fqq
it is natural to ask whether or not Mppr,Re fq can be replaced by sup0ăsărMpps,Re fq in
(1.7). However, the results in [4] and [12, Theorem 1’] imply at once that this is not the case,
and therefore a larger quantity than
ş1
0
sup0ăsărM
p
p ps,Re fqωprq dr should be the replacement
of }Re f}p
a
p
ω
in (1.7). Our first result gives a natural substitute.
Theorem 2. Let 0 ă p ă 8 and let ω be a radial weight such that rω is a weight. Then
}f}p
A
p
ω
.
ż 1
0
sup
0ăsăr
Mpp ps,Re fqrωprq dr, f P HpDq, (1.8)
if and only if rω P pD.
If ω P pD such that also rω is a weight, then a straightforward calculation shows that rω P pD.
The converse implication is false in general as the following result, the proof of which is given
in Section 3, shows.
Theorem 3. There exists a radial weight ω R pD such that rω P pD.
The proofs of Theorems 2 and 3 use the fact that rω P pD if and only if rω is a weight and
there exists a constant C “ Cpωq ą 0 such thatpωprq ď Cprωprq, 0 ď r ă 1. (1.9)
An integration by parts shows that (1.9) yieldsż 1
0
sup
0ăsăr
Mpp ps,Re fqωprq dr ď C
ż 1
0
sup
0ăsăr
Mpp ps,Re fqrωprq dr, f P HpDq,
as expected. Therefore Theorem 2 shows that an appropriate substitute for }Re f}apω in (1.7)
on the range 0 ă p ď 1 is the integral on the right hand side of the inequality above.
The proof of Theorem 2 is given in Section 2, and it goes roughly speaking as follows. We
first observe that (1.8) trivially implies }f}Apω . }f}Aprω for all f P HpDq. By testing this with
monomials and using a description of pD in terms of the moments ωx “ ş10 rxωprq dr of the
weight, we deduce rω P pD, which is equivalent to (1.9). The true work lies in obtaining (1.8) on
the range 0 ă p ď 1 from (1.9). This is achieved by first estimating }f}Apω upwards by using
the embedding Dpp´1 Ă Hp [5] between Dirichlet-type and Hardy spaces, valid for 0 ă p ď 2,
and then passing from the derivative to the real part by using [6, Lemma 2.2], which states that
there exists a constant C “ Cppq ą 0 such that Mppr, f 1q ď Cpρ ´ rq´1 sup0ătăρMppt,Re fq
for all 0 ď r ă ρ ă 1.
Before presenting our next result, we mention an interesting consequence of Theorem 3
concerning the class pD. Namely, pD is not closed by multiplication by p1´ |z|q. Indeed, if ω is
the weight constructed in Theorem 3, then the weight ωrβs, defined by ωrβspzq “ ωpzqp1´ |zqβ
for all z P D, does not belong to pD for any β ą 0, see Proposition 10 below. These results
show that the class pD of radial weights is much more complex than it seems at first glance.
See [8, 11] for an extensive study of pD.
By our next result, the quantity sup0ăsărM
p
p ps,Re fq can be replaced by Mpp pr,Re fq in
Theorem 2 if we pose a stronger hypothesis ω P pD instead of rω P pD.
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Theorem 4. Let 0 ă p ă 8 and ω P pD. Then there exists a constant C “ Cpp, ωq ą 0 such
that }f}Apω ď C}Re f}Lprω for all f P HpDq.
On the most interesting range 0 ă p ď 1, the proof of Theorem 4 follows the argument
used in the corresponding part of the proof of Theorem 2. However, the proof of Theorem 4
is more involved because |Re f |p is not subharmonic if 0 ă p ă 1. Therefore we will use the
inequality Mpp pr, f 1q ď CR´p´1
şr`R
r´RM
p
p pρ,Re fq dρ, valid for 0 ă R ă r ă R` r ă 1, to pass
from the derivative to the real part. This adds technical difficulties to the proof, which is
given in Section 2.
Our next result describes the radial weights for which the quantities appearing in Theo-
rems 2 and 4 turn out equivalent norms in Apω.
Theorem 5. Let 0 ă p ă 8 and let ω be a radial weight. Then the following statements are
equivalent:
(i) }f}p
A
p
ω
— ş1
0
sup0ăsărM
p
p ps,Re fqrωprq dr — ş10 sup0ăsărMpp ps,Re fqωprq dr for all f P
HpDq;
(ii) }f}Apω — }Re f}Lprω for all f P HpDq;
(iii) ω P D.
The proof of Theorem 5 is given in Section 2, and it strongly uses Theorems 2 and 4 together
with new and known [11] descriptions of the class D. In particular, it is proved that ω P D if
and only if rω P D, which is in stark contrast with Theorem 3. This implies that the weight ω
constructed in Theorem 3 can not belong to D. In fact, one can show that this weight satisfies
1´
log 1
1´r
¯2 . pωprq . log log log 11´r´
log 1
1´r
¯2 , r Ñ 1´,
and therefore induces a weighted Bergman space Apω essentially smaller than any of the stan-
dard ones.
As for the question of when the weighted Bergman space is closed by harmonic conjugation,
by combining (1.1) together with [7, Lemma 3.2] and the reasoning in [11, (3.1)], we obtain
}f}A1ω ď C
`|fp0q| ` }Re f}a1ω˘ , f P HpDq, (1.10)
provided ω P D. However, we need to pose a stronger hypothesis on ω to extend this result
to the range 0 ă p ă 1. Recall that a radial weight is regular if ωprq — pωprq
1´r for all 0 ď r ă 1.
Standard weights as well as all the weights in [13, (4.4)-(4.6)] are regular. By [9, Lemma 1.1],
[8, Lemma 2.1] and the description of qD given in [11, (2.27)], we deduce that each regular
weight belongs to D. Therefore, as a byproduct of Theorem 5 we obtain the following result.
Corollary 6. Let 0 ă p ă 8 and let ω be a regular weight. Then }f}Apω — }Re f}Lpω for all
f P HpDq.
Corollary 6 overlaps the earlier result [7, Theorem 5.1] of the same spirit, but none of these
results is a consequence of the other one. Namely, Corollary 6 does not assume the continuity
of ω, but p5.1q in [7, Theorem 5.1], or the equivalent condition sup0ără1 |ω
1prq|pωprq
ω2prq ă 8, allows
the weight to tend to zero much faster than what is allowed by the regularity hypothesis of
Corollary 6; for example the exponential weight given in [7, Corollary 7.1] is not regular.
The last of our main results is Theorem 7 below. It shows that the validity of (1.8) in
Theorem 2 is equally much related to the regularity of the weight as to its growth/decay. In
view of Corollary 6 and the fact that the function ϕ in Theorem 7 may decrease to zero slower
than any pregiven rate, it is possible to find ω such that (1.8) fails for all 0 ă p ă 8, but the
space Apω lies between two weighted Bergman spaces of which one is just a bit larger than the
other and both are closed by conjugation. The proof of Theorem 7 is given at the end of the
paper in Section 3.
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Theorem 7. Let ϕ : r0, 1s Ñ r0,8q be a decreasing function such that limrÑ1´ ϕprq “ 0. Then
there exists a radial weight ω “ ωϕ such that rω R pD, but Ap Ă Apω Ă Apϕ for all 0 ă p ă 8. If
ϕ satisfies ´ϕ1ptq{ϕptq . 1{p1 ´ tq for all 0 ď t ă 1, then ϕ is regular.
The letter C “ Cp¨q will denote an absolute constant whose value depends on the parameters
indicated in the parenthesis, and may change from one occurrence to another. We will use
the notation a . b if there exists a constant C “ Cp¨q ą 0 such that a ď Cb, and a & b is
understood in an analogous manner. In particular, if a . b and a & b, then we write a — b
and say that a and b are comparable. This notation has already been used above in the
introduction.
2. Proofs of Theorems 2, 4 and 5
Before presenting the proofs, let us see that a1ω is not closed by harmonic conjugation if
ω P pDz qD even if rω is a weight. Let ψ be a positive increasing function on r0,8q such that
ψpxqx´α is essentially decreasing on r1
2
,8q for some α ą 0 large enough. Shields and Williams
[12, Theorem 1’] showed that if ψ is in addition sufficiently smooth, for example convex or
concave, then there exists an f P HpDq such that M1pr,Re fq . ψ
´
1
1´r
¯
, but
M1pr, fq —
ż 1{p1´rq
1
2
ψptq dt
t
, r Ñ 1´.
Let us observe that
lim sup
rÑ1´
ş1{p1´rq
1
2
ψptqdt
t
ψ
´
1
1´r
¯ “ 8
if there does not exist β ą 0 such that ψpxqx´β is essentially increasing on r1
2
,8q. This is the
case for example, if ψpxq “ logpx` 2q [12, Lemma 2]. Let now ω be a radial weight such thatrω P pD and therefore pω . prω on r0, 1q. Assume that prω is smooth enough meaning that there
exists a ψ “ ψω for which
ψ pxq —
ˆprωˆ1´ 1
x
˙˙´1
, 0 ď x ă 8.
Then
}f}A1ω &
ż 1
0
˜ż 1
1´r
1
ψptq
t
dt
¸
ωprqr dr &
ż 1
1
2
ψ
ˆ
1
1´ r
˙ rωprq dr “ ´ lim
rÑ1´
log prωprq ´ c “ 8,
but
}Re f}A1ω .
ż 1
0
ψ
ˆ
1
1´ t
˙
ωpsq ds “ c`
ż 1
0
˜pωptqprωptq
¸2
dt
1´ t .
This last integral might very well converge as is seen by considering the rapidly increasing
weight vαprq “ p1´ rq´1
´
log e
1´r
¯´α
, where 2 ă α ă 8. Namely, xvαptq{xĂvαptq — ´log e1´r¯´1
for all 0 ď r ă 1. In this case the natural choice for the smooth ψ is ψpxq “ plogpx` 2qqα´2,
which satisfies the hypotheses of the result by Shields and Williams.
Now we proceed to prove following result which contains Theorem 2.
Theorem 8. Let 0 ă p ă 8 and let ω be a radial weight such that rω is a weight. Then the
following statements are equivalent:
(i) There exists a constant C “ Cpω, pq ą 0 such that
}f}p
A
p
ω
ď C
ż 1
0
sup
0ăsăr
Mpp ps,Re fqrωprq dr, (2.1)
for all f P HpDq;
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(ii) There exists a constant C “ Cpω, pq ą 0 such that }f}Apω ď C}f}Aprω for all f P HpDq;
(iii) There exists a constant C “ Cpωq ą 0 such that pωprq ď Cprωprq for all 0 ď r ă 1;
(iv) rω P pD.
Proof. It is clear that (i) implies (ii). Assume now (ii). It is known that a radial weight ν
belongs to pD if and only if for some (equivalently for each) β ą 0, there exists a constant
C “ Cpω, βq ą 0 such that
xβpνrβsqx ď Cνx, 0 ď x ă 8, (2.2)
see [11, (3.3)] for details. By testing (ii) with the monomials mnpzq “ zn, we deduce ωnp`1 ď
Crωnp`1, from which an integration by parts on the left yields pnp ` 1qprωr1sqnp ď Crωnp`1 for
all n P N Y t0u. By choosing np ď x ă np ` 1 we obtain xprωr1sqx ď Crωx for all 0 ď x ă 8.
Hence rω P pD by (2.2), and thus (iv) is satisfied.
Assume next (iv). Then there exists a constant C “ Cprωq ą 1 such that
log 2pωˆ1` r
2
˙
ď
ż 1`r
2
r
rωpsq ds ď C ż 1
1`r
2
rωpsq ds, 0 ď r ă 1.
This yields (iii).
To complete the proof it remains to show that (i) follows from (iii). Let f P Aprω with
fp0q “ 0. Then (iii) yields
Mpp pr, fqpωprq .Mpp pr, fqprωprq ď 1r
ż
DzDp0,rq
|fpzq|prωpzq dApzq Ñ 0, rÑ 1´.
Hence an integration by parts together with (iii) givesż 1
0
Mpp pr, fqωprq dr “
ż 1
0
B
BrM
p
p pr, fqpωprq dr . ż 1
0
B
BrM
p
p pr, fqprωprq dr
“
ż 1
0
Mpp pr, fqrωprq dr, (2.3)
from which (ii) follows by standard arguments. If p ą 1, then the inequality in (i) follows
from (ii) and M. Riesz Theorem [2]. Thus we have deduced (i) from (iii) in the case p ą 1 by
passing through (ii).
To deal with the case 0 ă p ď 1, we first show that (iii) implies (iv). Let γ ą C, where
C “ Cpωq ą 0 is that of (iii). Then Fubini’s theorem yieldsż t
0
ˆ
1´ t
1´ s
˙γ rωpsq ds ď C ż t
0
ˆ
1´ t
1´ s
˙γ prωpsq
1´ s ds
“ Cprωptqp1´ tqγ ż t
0
ds
p1´ sqγ`1 ` C
ż t
0
ˆ
1´ t
1´ s
˙γ ˆż t
s
rωpxq dx˙ ds
1´ s
ď C
γ
prωptq ` C
γ
ż t
0
ˆ
1´ t
1´ x
˙γ rωpxq dx,
and it follows that ż t
0
ˆ
1´ t
1´ s
˙γ rωpsq ds ď C
γ ´ C
prωptq, 0 ď t ă 1.
Therefore rω P pD by [8, Lemma 2.1].
Assume now, without loss of generality, that fp0q “ 0. Denote hprq “ sup0ăsărMpp ps,Re fq
for short, and assume h P Lprω, otherwise in (i) there is nothing to prove. The Dirichlet-type
space Dpp´1 consists of those f such that f
1 P App´1, and it satisfies the well-known embedding
D
p
p´1 Ă Hp, 0 ă p ď 2, (2.4)
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by [5]. Moreover, by [6, Lemma 2.2], there exists a constant C “ Cppq ą 0 such that
Mppr, f 1q ď Cpρ´ rq´1 sup
0ătăρ
Mppt,Re fq, 0 ď r ă ρ ă 1. (2.5)
By combining these facts and using Fubini’s theorem we deduce
}f}p
A
p
ω
“
ż 1
0
}fr}pHpωprqr dr .
ż 1
0
ˆż 1
0
Mpp prt, f 1qp1 ´ tqp´1 dt
˙
rp`1ωprq dr
.
ż 1
0
ˆż 1
0
h
ˆ
1` tr
2
˙ p1´ tqp´1
p1´ trqp dt
˙
rp`1ωprq dr “ I1prq ` I2prq,
(2.6)
where
I1prq “
ż 1
0
ˆż r
0
h
ˆ
1` rt
2
˙ p1 ´ tqp´1
p1´ trqp dt
˙
rp`1ωprq dr
and
I2prq “
ż 1
0
ˆż 1
r
h
ˆ
1` tr
2
˙ p1´ tqp´1
p1´ trqp dt
˙
rp`1ωprq dr.
Fubini’s theorem and rω P pD imply
I1prq ď
ż 1
0
ˆż r
0
h
ˆ
1` t
2
˙
dt
1´ t
˙
ωprq dr “
ż 1
0
h
ˆ
1` t
2
˙ rωptq dt
.
ż 1
0
h
ˆ
1` t
2
˙ rωˆ1` t
2
˙
dt .
ż 1
0
h psq rωpsq ds. (2.7)
Moreover, by using (iii) we deduce
h
ˆ
1` t
2
˙ pωptq . hˆ1` t
2
˙ prωptq — hˆ1` t
2
˙ prωˆ1` t
2
˙
ď
ż 1
1`t
2
hprqrωprq dr Ñ 0, tÑ 1´.
Therefore an integration by parts, (iii) and the fact that rω P pD yield
I2prq ď
ż 1
0
h
ˆ
1` r
2
˙ˆż 1
r
p1´ tqp´1 dt
˙
ωprq
p1´ rqp dr —
ż 1
0
h
ˆ
1` r
2
˙
ωprq dr
“ h
ˆ
1
2
˙ pωp0q ` ż 1
0
d
dt
h
ˆ
1` t
2
˙ pωptq dt
. h
ˆ
1
2
˙ prωp0q ` ż 1
0
d
dt
h
ˆ
1` t
2
˙ prωptq dt . ż 1
0
h ptq rωptq dt.
(2.8)
By combining (2.6), (2.7) and (2.8), we finally deduce (2.1). This finishes the proof of the
theorem. 
Proof of Theorem 4. If ω P pD, then
prωprq . ż 1
r
rωˆ1` s
2
˙
ds “ 2prωˆ1` r
2
˙
, 0 ď r ă 1,
and hence rω P pD. Therefore }f}Apω . }f}Aprω for all f P HpDq, by Theorem 8. This together
M. Riesz theorem [2, Theorem 4.1] gives the claim of the theorem for p ą 1.
To deal with the case 0 ă p ď 1, assume without loss of generality that fp0q “ 0. We
will employ an argument similar to that used in the proof Theorem 8. However, the present
situation yields more involved considerations because the inequality (2.5) is replaced by the
estimate
Mpp pr, f 1q ď CR´p´1
ż r`R
r´R
Mpp pρ,Re fq dρ, 0 ă R ă r ă R` r ă 1, f P HpDq, (2.9)
which can be found in [7, Lemma 5.3], and where C “ Cppq ą 0 is a constant.
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Let r0 “ 1{
?
3 and t0 P
`
2`r0
3
, 1
˘
. Apply (2.4), (2.9) and Fubini’s theorem to obtain
}f}p
A
p
ω
—
ż 1
r0
Mpp pr, fqωprqr dr .
ż 1
r0
ˆż 1
0
Mpp prt, f 1qp1´ tqp´1 dt
˙
ωprqrp`1 dr
—
ż 1
r0
ˆż 1
t0
Mpp prt, f 1qp1 ´ tqp´1 dt
˙
ωprq dr
“
ż 1
t0
ˆż 1
r0
Mpp prt, f 1qωprq dr
˙
p1´ tqp´1 dt
.
ż 1
t0
˜ż 1
r0
˜ż 1`tr
2
3tr´1
2
Mpp ps,Re fq ds
¸
ωprq
p1´ trqp`1dr
¸
p1´ tqp´1 dt
“ I1pfq ` I2pfq ` I3pfq,
where
I1pfq “
ż 1
t0
˜ż 1`tr0
2
3tr0´1
2
Mpp ps,Re fq
˜ż 2s`1
3t
r0
ωprq
p1´ trqp`1 dr
¸
ds
¸
p1´ tqp´1 dt,
I2pfq “
ż 1
t0
˜ż 3t´1
2
1`tr0
2
Mpp ps,Re fq
˜ż 2s`1
3t
2s´1
t
ωprq
p1´ trqp`1 dr
¸
ds
¸
p1´ tqp´1 dt,
I3pfq “
ż 1
t0
˜ż 1`t
2
3t´1
2
Mpp ps,Re fq
˜ż 1
2s´1
t
ωprq
p1´ trqp`1 dr
¸
ds
¸
p1´ tqp´1 dt.
Since 1`tr0
2
ď 1`r0
2
ă 1 and 2s`1
3t
ď 2`r0
3t
ď 2`r0
3t0
ă 1 for s ď 1`r0
2
and t0 ď t ă 1, we have
I1pfq ď
ż 1
t0
p1´ tqp´1 dt
˜ż 1`r0
2
0
Mpp ps,Re fq ds
¸˜ż 2`r0
3t0
0
ωprq
p1´ rqp`1 dr
¸
.
ż 1`r0
2
0
Mpp ps,Re fqrωpsqs ds ď }Re f}pLprω .
To estimate I2pfq and I3pfq, observe first that in both cases s ď 1`t2 , that is, 2s´1t ď 1, and
2s´1
t
ě mintr0, 3´ 2t0 u ą 0. By [8, Lemma 2.1(ii)], there exists β “ βpωq ą 0 such that
pωˆ2s ´ 1
t
˙
. pωpsq 1
tβ
ˆ
t` 1´ 2s
1´ s
˙β
ď 2
β
t
β
0
pωpsq, t ě t0, 2s ´ 1
t
ă s.
It follows that for s and t on the ranges of values appearing in I2pfq and I3pfq we havepω `2s´1
t
˘
. pωpsq. Hence Fubini’s theorem yields
I2pfq —
ż 1
t0
˜ż 3t´1
2
1`tr0
2
M
p
p ps,Re fq
p1´ sqp`1
ˆpωˆ2s´ 1
t
˙
´ pωˆ2s ` 1
3t
˙˙
ds
¸
p1´ tqp´1 dt
.
ż 1
t0
˜ż 3t´1
2
0
M
p
p ps,Re fq
p1´ sqp`1 pωpsq ds
¸
p1´ tqp´1 dt
ď
ż 1
0
Mpp ps,Re fq
˜ż 1
2s`1
3
p1´ tqp´1 dt
¸ pωpsq
p1´ sqp`1ds
—
ż 1
0
Mpp ps,Re fqrωpsq ds . }Re f}pLprω .
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As for the remaining term, by using pω `2s´1
t
˘
. pωpsq and Fubini’s theorem,
I3pfq ď
ż 1
t0
˜ż 1`t
2
3t´1
2
Mpp ps,Re fqpωˆ2s´ 1t
˙
ds
¸
dt
p1´ tq2
.
ż 1
t0
˜ż 1
3t´1
2
Mpp ps,Re fqpω psq ds
¸
dt
p1´ tq2
“
ż 1
3t0´1
2
Mpp ps,Re fqpω psq
˜ż 2s`1
3
t0
dt
p1´ tq2
¸
ds . }Re f}p
L
prω .
By combining the estimates for I1pfq, I2pfq and I3pfq we deduce the claim. l
Theorem 5 is obtained in the following result.
Theorem 9. Let 0 ă p ă 8 and let ω be a radial weight. Then the following statements are
equivalent:
(i) }f}p
A
p
ω
— ş1
0
sup0ăsărM
p
p ps,Re fq rωprq dr — ş10 sup0ăsărMpp ps,Re fqωprq dr for all f P
HpDq;
(ii) }f}Apω — }Re f}Lprω for all f P HpDq;
(iii) }f}Apω — }f}Aprω for all f P HpDq;
(iv) rω P D;
(v) ω P D.
Proof. We first show that (iii), (iv) and (v) are equivalent. Assume (v). Since ω P D Ă qD,
there exist C “ Cpωq ą 0 and β “ βpωq ą 0 such that
pωprq ď C ˆ1´ r
1´ t
˙β pωptq, 0 ď t ď r ă 1, (2.10)
by [11, (2.27)]. Therefore pωprq . p1´rqβ for all 0 ď r ă 1, and hence rω is a weight. Moreover,
by the definition of qD, there exist K “ Kpωq ą 1 and C “ Cpωq ą 1 such that
prωprq ě C ż 1
r
pω `1´ 1´s
K
˘
1´ s ds “ C
prωˆ1´ 1´ r
K
˙
, 0 ď r ă 1,
and hence
prωprq ď ż 1´ 1´rK
r
rωpsq ds ` prωprq
C
ď pωprq logK ` prωprq
C
, 0 ď r ă 1.
It follows that prωprq . pωprq for all 0 ď r ă 1. On the other hand, since ω P D Ă pD, we have
pωprq ď Cpωˆ1` r
2
˙
ď C
log 2
ż 1`r
2
r
pωpsq
1´ s ds ď
C
log 2
prωprq, 0 ď r ă 1.
Consequently, prωprq — pωprq, 0 ď r ă 1. (2.11)
Arguing now as in (2.3) we deduce (iii). An alternative way to deduce (iii) from (v) is to first
observe that ω P D implies rω P D, and then use Carleson measures [10, Theorem 1] together
with (2.11). We omit the details of this alternative approach.
Assume next (iii). Then rω must be a weight because ω is. By testing (iii) with the
monomials mn, we deduce ωnp`1 — rωnp`1, from which an integration by parts on the left
yields pnp ` 1qprωr1sqnp — rωnp`1 for all n P N Y t0u. By choosing np ď x ă np ` 1 we obtain
xprωr1sqx — rωx for all 0 ď x ă 8. By using now [11, (1.2), (1.3), Theorem 3], we deduce rω P D,
and thus (iv) holds.
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Assume (iv). Since rω P D by [11, Theorem 3], [11, (1.2) and (1.3)] yield `rωrβs˘x — x´βrωx
for all x ě 1 and β ą 0. Therefore [8, Lemma 2.1 (ix)] yields`rωrβs˘x — rωxxβ . rω2xp2xqβ — `rωrβs˘2x , x ě 1,
and thus rωrβs P pD by [8, Lemma 2.1]. In particular, by choosing β “ 1, we deduce pω P pD.
Since px ` 1qωx “ pωx`1 for x ą 0, [8, Lemma 2.1(ix)] implies ω P pD. Further, since rω P qD,
there exist K “ Kpωq ą 1 and C “ Cpωq ą 1 such thatż 1´ 1´r
K
r
rωpsq ds ě pC ´ 1q ż 1
1´ 1´r
K
rωpsq ds, 0 ď r ă 1.
Therefore, for M ą K, we have
pωprq logK ě ż 1´ 1´rK
r
rωpsq ds ě pC ´ 1q ż 1
1´ 1´r
K
rωpsq ds ě pC ´ 1q ż 1´ 1´rM
1´ 1´r
K
rωpsq ds
ě pC ´ 1qpωˆ1´ 1´ r
M
˙
log
M
K
, 0 ď r ă 1.
By choosing M large enough such that pC ´ 1q log M
K
ą logK, it follows that ω P qD. Thus
ω P D, that is, (v) holds. Therefore we have shown that (iii), (iv) and (v) are equivalent.
Assume now (ii). Then rω must be a weight because ω is. Moreover, by testing (ii) with the
monomials mn, we obtain
ωnp`1 — }Remn}pLprω —
ż 1
0
rnp`1rωprqˆż pi
´pi
| cospnθq|p dθ
˙
dr — rωnp`1, n P NY t0u.
By arguing as in the proof above where we showed that (v) follows from (iii), we deduce rω P D.
Conversely, if rω P D, then also ω P D, and (iii) is satisfied by the first part of the proof.
Therefore we may use Theorem 4 and (iii) to obtain
}f}Apω . }Re f}Lprω ď }f}Aprω — }f}Apω , f P HpDq.
Thus (ii) is satisfied. Hence we have shown that (ii)-(v) are equivalent.
It remains to associate (i) with the other conditions. This is achieved by using the results we
have already proved along with techniques similar to those used in the proofs above. Therefore
we only indicate the proofs and omit the details. If (i) is satisfied, then by testing with the
monomials mn we deduce rω P D. Conversely, if rω P D, then Theorem 2 and an integration by
parts similar to that in (2.3) together with (2.11) give
}f}p
A
p
ω
.
ż 1
0
sup
0ăsăr
Mpp ps,Re fqrωprq dr — ż 1
0
sup
0ăsăr
Mpp ps,Re fqωprq dr . }f}pApω , f P HpDq.
This finishes the proof of the theorem. 
3. Counterexamples
In this section we will prove Theorems 3 and 7 by constructing radial weights with desired
properties. The first construction shows that there exist weights ω R pD such that rω P pD. The
second one illustrates the fact that even if rω is differentiable almost everywhere whenever it
is a weight, the validity of the inequality (2.1) is equally much related to the regularity of the
weight ω as to its growth/decay.
Before proving the above mentioned two results, we will show, by using Theorem 3, that
the class pD is not closed by multiplication by p1 ´ |z|qβ for any β ą 0. This indicates that
despite of its innocent definition, the class pD has in a sense complex nature.
Proposition 10. The implication ω P pD ñ ωrβs P pD is in general false for each β ą 0.
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Proof. First, let us observe that for each ν P pD and an increasing function ψ : r0, 1q Ñ p0,8q,
with ψpzq “ ψp|z|q for all z P D, such that ψν is a weight, we have ψν P pD. Indeed, since
ν P pD there exists a constant C “ Cpνq ą 1 such that pνprq ď Cpν `1`r
2
˘
for all 0 ď r ă 1. This
is equivalent to
ż 1`r
2
r
νpsqψpsq
ψpsq ds ď pC ´ 1q
ż 1
1`r
2
νpsqψpsq
ψpsq ds,
which implies
1
ψ
`
1`r
2
˘ ż 1`r2
r
νpsqψpsq ds ď C ´ 1
ψ
`
1`r
2
˘ ż 1
1`r
2
νpsqψpsq ds,
that is, xψνprq ď Cxψν `1`r
2
˘
for all 0 ď r ă 1. Thus ψν P pD.
Next, assume on the contrary to the statement that ν P pD implies νrβs P pD for some β ą 0
and all ν P pD. Pick n P N such that nβ ě 1, and let ω be the weight of the statement of
Theorem 3. Then n applications of the antithesis to ν “ rω imply pωrnβ´1s P pD. Further, the
previous obervation with ψpzq “ p1 ´ |z|q1´nβ gives pω P pD, which is equivalent to ω P pD by
Fubini’s theorem and [8, Lemma 2.1](ix). This is a contradiction. 
Proof of Theorem 3. Let tn “ 1´ e´n for all n P N, ϕ : Nzt1u Ñ p0, 1{2q such that ϕ P ℓ1, and
define sn P ptn, tn`1q by 1´sn1´tn`1 “ eϕpnq for all n P N. Further, let ωpsq “
ř8
n“2
χrsn,tn`1spsq
1´s for
all 0 ď s ă 1. The function ϕ will be appropriately fixed later. Then
pωp0q “ 8ÿ
n“2
ż tn`1
sn
ds
1´ s “
8ÿ
n“2
log
1´ sn
1´ tn`1 “
8ÿ
n“2
ϕpnq ă 8,
and thus ω is a radial weight. Moreover,
pωprq “ "ř8k“n ϕpkq, tn ď r ď snř8
k“n`1ϕpkq ` log 1´r1´tn`1 , sn ď r ď tn`1
, n ě 2. (3.1)
Now that ω P pD if and only if there exists C ą 1 such that pωprq ď Cpωp1 ´ 1´r
e
q for all
0 ď r ă 1, we deduce ω R pD if
lim sup
nÑ8
ř8
k“n`1ϕpkq
ϕpnq “ 8 (3.2)
This is our first requirement for ϕ.
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We now proceed to consider prω. If k ě 2 and tk ď t ď sk, then (3.1) yields
prωptq “ ż sk
t
pωprq
1´ r dr `
8ÿ
n“k
ż tn`1
sn
pωprq
1´ r dr `
8ÿ
n“k
ż sn`1
tn`1
pωprq
1´ r dr
“ log 1´ t
1´ sk
8ÿ
n“k
ϕpnq `
8ÿ
n“k
˜
log
1´ sn
1´ tn`1
8ÿ
j“n`1
ϕpjq `
ż tn`1
sn
ˆ
log
1´ r
1´ tn`1
˙
dr
1´ r
¸
`
8ÿ
n“k
˜
log
1´ tn`1
1´ sn`1
8ÿ
j“n`1
ϕpjq
¸
“ log 1´ t
1´ sk
8ÿ
n“k
ϕpnq
`
8ÿ
n“k
˜
log
1´ sn
1´ tn`1
8ÿ
j“n`1
ϕpjq ` log 1
1´ tn`1 log
1´ sn
1´ tn`1 `
ż tn`1
sn
logp1´ rq dr
1´ r
¸
`
8ÿ
n“k
˜
log
1´ tn`1
1´ sn`1
8ÿ
j“n`1
ϕpjq
¸
.
Since log 1´sn
1´tn`1
“ ϕpnq, log 1´tn`1
1´sn`1
“ 1´ ϕpn` 1q and
2
ż tn`1
sn
logp1´ rq dr
1´ r “
ˆ
log
1
1´ sn
˙2
´
ˆ
log
1
1´ tn`1
˙2
“ pn` 1´ ϕpnqq2 ´ pn` 1q2
“ ϕpnq2 ´ 2pn` 1qϕpnq, n ě 2,
we deduce
prωptq “ log 1´ t
1´ sk
8ÿ
n“k
ϕpnq `
8ÿ
n“k
˜
ϕpnq
8ÿ
j“n`1
ϕpjq
¸
` 1
2
8ÿ
n“k
ϕpnq2
`
8ÿ
n“k
˜
p1´ ϕpn ` 1qq
8ÿ
j“n`1
ϕpjq
¸
, tk ď t ď sk, k ě 2.
Recall that rω P pD if and only if pω . prω on r0, 1q by Theorem 8. Obviously, for tk ď t ď sk, we
have
prωptq ě prωpskq “ 8ÿ
n“k
˜
pϕpnq ` 1´ ϕpn ` 1qq
8ÿ
j“n`1
ϕpjq
¸
` 1
2
8ÿ
n“k
ϕpnq2
ě 1
2
8ÿ
n“k
˜
8ÿ
j“n`1
ϕpjq
¸
because the range of ϕ is contained in p0, 1{2q. In view of (3.1), our second requirement for ϕ
is
8ÿ
n“k
ϕpnq .
8ÿ
n“k
˜
8ÿ
j“n`1
ϕpjq
¸
, k ě 2. (3.3)
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If k ě 2 and sk ď t ď tk`1, then (3.1) yieldsprωptq “ ż tk`1
t
pωprq
1´ r dr `
ż 1
tk`1
pωprq
1´ r “ ¨ ¨ ¨
“ log 1´ t
1´ tk`1
8ÿ
n“k`1
ϕpnq ` 1
2
ˆ
k ` 1´ log 1
1´ t
˙2
` 1
2
8ÿ
n“k`1
ϕpnq2
` p1´ ϕpk ` 1qq
8ÿ
n“k`1
ϕpnq `
8ÿ
n“k`1
˜
pϕpnq ` 1´ ϕpn ` 1qq
8ÿ
j“n`1
ϕpjq
¸
and
pωptq “ 8ÿ
n“k`1
ϕpnq ` log 1´ t
1´ tk`1 .
Now that the range of ϕ is contained in p0, 1{2q, we have
p1´ ϕpk ` 1qq
8ÿ
n“k`1
ϕpnq ě 1
2
8ÿ
n“k`1
ϕpnq
and
8ÿ
n“k`1
˜
pϕpnq ` 1´ ϕpn ` 1qq
8ÿ
j“n`1
ϕpjq
¸
ě 1
2
8ÿ
n“k`1
˜
8ÿ
j“n`1
ϕpjq
¸
.
Hence prωptq ě 1
2
8ÿ
n“k`1
ϕpnq ` 1
2
8ÿ
n“k`1
˜
8ÿ
j“n`1
ϕpjq
¸
, sk ď t ď tk`1.
Moreover,
log
1´ t
1´ tk`1 ď log
1´ sk
1´ tk`1 “ ϕpkq, sk ď t ď tk`1.
Therefore, to deduce pω . prω on rsk, tk`1s, it suffices to require
ϕpkq .
8ÿ
n“k`1
˜
8ÿ
j“n`1
ϕpjq
¸
, k ě 2. (3.4)
To complete the proof, it now remains to construct ϕ : Nzt1u Ñ p0, 1{2q such that ϕ P ℓ1 and
(3.2), (3.3) and (3.4) are satisfied. Set
ϕpnq “
#
n´3, n ‰ 22j ,
log2 log2 n
n2
` n´3, n “ 22j . , n ě 2, (3.5)
so that obviously ϕ P ℓ1. Moreover,
ϕp22j q “ j
22j`1
` 1
23¨2j
ě j
22j`1
, j P N,
and
8ÿ
k“22j`1
ϕpkq “
8ÿ
k“22j`1
1
k3
`
8ÿ
k“j`1
k
22k`1
— 1
22j`1
` j
22j`2
, j P N,
and hence the first requirement (3.2) for ϕ is satisfied. We also have (3.3) and (3.4) because
8ÿ
n“k
ϕpnq . log2 log2 k
k2
` 1
k2
.
1
k
.
8ÿ
n“k
˜
8ÿ
j“n`1
1
j3
¸
ď
8ÿ
n“k
˜
8ÿ
j“n`1
ϕpjq
¸
, k ě 4,
and
ϕpkq . log2 log2 k
k2
` 1
k3
.
1
k
.
8ÿ
n“k`1
˜
8ÿ
j“n`1
1
j3
¸
ď
8ÿ
n“k`1
˜
8ÿ
j“n`1
ϕpjq
¸
, k ě 4.
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Therefore ϕ has the desired properties. Thus ω R pD but rω P pD. l
Proof of Theorem 7. We use the construction given in the proof of [11, Theorem 14]. Let ψ :
r1,8q Ñ p0,8q an increasing unbounded function, and let ωprq “ ωψprq “
ř8
n“1 χrr2n`1,r2n`2sprq,
where rx “ 1´ 12xψpxq and ψ satisfies ψpx` 1q ´ ψpxq ď C{x for all x ě 1. Then
1´ rx
1´ rx`1 “
2px`1qψpx`1q
2xψpxq
“ 2xpψpx`1q´ψpxqq`ψpx`1q ě 2ψpx`1q Ñ8, xÑ8, (3.6)
and hence
1´ rx
1´ rx`1 — 2
ψpx`1q — 2ψpxq, x ě 1. (3.7)
We know that ω R pD by the proof of [11, Theorem 14]. We will show next that rω R pD. If
r2n ď s ă r22n`1 , then
pωpsq “ 8ÿ
j“n
pr2j`2 ´ r2j`1q “
8ÿ
j“n
ˆ
1
2p2j`1qψp2j`1q
´ 1
2p2j`2qψp2j`2q
˙
—
8ÿ
j“n
1
2p2j`1qψp2j`1q
— 1´ r2n`1,
and if r2n`1 ď s ă r2n`2, then
pωpsq “ 8ÿ
j“n`1
pr2j`2 ´ r2j`1q ` r2n`2 ´ s — 1´ s` r2n`2 ´ r2n`3.
Thus
pωpsq — " 1´ r2j`1, r2j ď s ď r2j`1
1´ s´ pr2j`3 ´ r2j`2q, r2j`1 ď s ď r2j`2 , j P N.
If r2n ď r ď r2n`1, then (3.7) yields
prωprq — 8ÿ
j“n`1
ż r2j`1
r2j
1´ r2j`1
1´ s ds `
ż r2n`1
r
1´ r2n`1
1´ s ds`
8ÿ
j“n
ż r2j`2
r2j`1
ˆ
1´ r2j`3 ´ r2j`2
1´ s
˙
ds
“
8ÿ
j“n`1
p1´ r2j`1q log 1´ r2j
1´ r2j`1 ` p1´ r2n`1q log
1´ r
1´ r2n`1
`
8ÿ
j“n
pr2j`2 ´ r2j`1q
ˆ
1´ r2j`3 ´ r2j`2
r2j`2 ´ r2j`1 log
1´ r2j`1
1´ r2j`2
˙
—
8ÿ
j“n`1
ψp2j ` 1q
2p2j`1qψp2j`1q
` 1
2p2n`1qψp2n`1q
log
1´ r
1´ r2n`1 `
8ÿ
j“n
1
2p2j`1qψp2j`1q
— ψp2n ` 3q
2p2n`3qψp2n`3q
` 1
2p2n`1qψp2n`1q
log
1´ r
1´ r2n`1 `
1
2p2n`1qψp2n`1q
— 1
2p2n`1qψp2n`1q
ˆ
1` log 1´ r
1´ r2n`1
˙
,
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and for r2n`1 ď r ď r2n`2 we have
prωprq — ż r2n`2
r
ˆ
1´ r2n`3 ´ r2n`2
1´ s
˙
ds`
8ÿ
j“n`1
ż r2j`1
r2j
1´ r2j`1
1´ s ds
`
8ÿ
j“n`1
ż r2j`2
r2j`1
ˆ
1´ r2j`3 ´ r2j`2
1´ s
˙
ds
“ pr2n`2 ´ rq ´ pr2n`3 ´ r2n`2q log 1´ r
1´ r2n`2
`
8ÿ
j“n`1
p1´ r2j`1q log 1´ r2j
1´ r2j`1
`
8ÿ
j“n`1
ˆ
pr2j`2 ´ r2j`1q ´ pr2j`3 ´ r2j`2q log 1´ r2j`1
1´ r2j`2
˙
— pr2n`2 ´ rq ´ pr2n`3 ´ r2n`2q log 1´ r
1´ r2n`2 `
ψp2n ` 3q
2p2n`3qψp2n`3q
.
It follows that prωpr2n`2q — ψp2n ` 3q
2p2n`3qψp2n`3q
, n P N,
and prωp2r2n`2 ´ 1q — p1´ r2n`2q p2´ log 2q ` p1´ r2n`3q log 2` ψp2n ` 3q
2p2n`3qψp2n`3q
, nÑ8.
Thus prωpr2n`2q{prωp2r2n`2 ´ 1q Ñ 0, as nÑ8, and hence rω R pD.
By the proof of [11, Theorem 14] we know that for a suitably taken C1 ą 0, the choice
ψpxq “ ´ 1
C1
log2 ϕ
`
1´ 1
x
˘
yields ϕ P D and Ap Ă Apω Ă Apϕ for all 0 ă p ă 8. It remains to
show that ϕprq “ 2´C1ψp 11´r q is regular, that is,ż 1
r
2´C1ψp 11´tq dt — p1´ rq2´C1ψp 11´r q, 0 ď r ă 1.
By a change of variable, this is equivalent toż 8
x
2´C1ψpyq
dy
y2
— 2
´C1ψpxq
x
, 1 ď x ă 8.
But since ψ is increasing, we have
2´C1ψpxq
x
ě
ż 8
x
2´C1ψpyq
dy
y2
ě 2´C1ψp2xq 1
2x
ě 2´C1ψpxq 1
2C1C2`1x
, 1 ď x ă 8,
for some constant C2 “ C2pCq ą 0, where C is that of the hypothesis ψpx` 1q ´ ψpxq ď C{x
for all x ě 1. Thus ϕ is regular, and the proof is complete. l
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